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Abstract 

We study some aspects of noncommutative differential geometry on a finite 
Weyl group in the sense of S. Woronowicz, K. Bresser et ah, and S. Majid. For 
any finite Weyl group W we consider the subalgebra generated by flat connections 
in the left-invariant exterior differential algebra of W. 

For root systems of type A and D we describe a set of relations between the 
flat connections, which conjecturally is a complete set. 

Introduction 

The study of higher order differential structures on Hopf algebras was initiated by S. L. 
Woronowicz [6], and further developed by K. Bresser et al.[l] and S. Majid [5] for algebras 
of functions on finite groups. In particular, S. Majid has introduced and studied flat 
connections on the symmetric group Sn- In our paper, we study the algebra generated 
by flat connections in a sense of Majid on a finite Weyl group. This is an interesting 
problem which is not treated in [5]. 

We consider the differential structure with respect to the set of reflections. Since the 
complete set of the defining relations of the left-invariant exterior differential algebra has 
not yet been determined in general, we will work on its quadratic version A qua d for the 
root system of type A or D, and on its quartic version A quar for the root system of type 
B. Our main result describes a set of relations among flat connections on Weyl groups 
of type A and D. Conjecturally, these relations are complete set of relations among flat 
connections in A qua d. We expect some connections of our construction with Schubert 
calculus on flag varieties [4]. 



1 Woronowicz exterior algebra 

Woronowicz exterior algebra was introduced in [6] for the study of higher order differen- 
tial structure on the quantum groups. In the category of modules over a commutative 
algebra, the exterior products of a module are constructed by using the canonical action 
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of the symmetric groups on the tensor products. In general, such a construction does 
not work in the category of bimodules over a noncommutative algebra because of lack of 
canonical action of the symmetric groups on the tensor products. However, in the cat- 
egory of bimodules over a Hopf algebra, one can obtain a natural generalization of the 
exterior product. In this paper, all (Hopf) algebras are over a field K of characteristic 
zero. Let if be a Hopf algebra. 

Definition 1.1 A bimodule M over H is called a left (resp. right) covariant bimolude if 
M has a left (resp. right) H-comodule structure compatible with the bimodule structure. 
A bimodule M is called a bicovariant bimodule if M has left and right covariant bimodule 
structures and the left coaction and the right coaction commute. 

Definition 1.2 Let M be a bicovariant bimodule over a Hopf algebra H. An element 
x G M is called left (resp. right) invariant if x is mapped to 1® x (resp. x <8> 1) by the 
comodule action of H. 

Lemma 1.1 There exists a unique braiding \I> : M <S>h M — > M ®h M such that ^{uj <g) 
rj) = i] <S> oj for left invariant uj and right invariant rj. 

The homomorphism \1> induces a homomorphism : M® Hn — > M®" n , 1 < i < n, which 
acts as ^ on i-th and (i + l)-st components and acts identically on the other components. 
Take an element w G S n and its reduced decomposition w — • ■ ■ Sj,, Sj = + 1). 
Then we can associate a homomorphism ty(w) : M® Hfl — > M® Hfl to the element w by 
defining fy(w) = ^ • • • ^ . Since ^j's satisfy the braid relations, the homomorphism 
ty(w) is independent of the choice of reduced decomposition of w. Now we define the 
antisymmetrizer A n on M® ffn by the formula 

A n= sgn(w)^(w). 

Definition 1.3 Woronowicz exterior algebra f\M is a quotient of the tensor algebra of 
M over H by the kernel of the antisymmetrizer, i.e. 

f\M := T H M/ Ker(A n ). 

n 

2 Differential structure on the Weyl group 
2.1 Differential structure on a finite group 

First of all, let us remind some fundamental facts on noncommutative differential struc- 
tures on the finite group following [1] and [5]. 

Definition 2.1 Let A be a K-algebra. The first order differential structure of A is a 
pair of A-bimodule Vl\ and a K -linear map d : A — > Q\ such that the map d satisfies the 
Leibniz rule d(ab) = (da)b + a(db), for a,b G A, and the image of d generates Q\ as a 
left A-module. 
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Definition 2.2 Let H be a Hopf algebra. The first order differential structure (d : H — > 
Q} H ) is said to be bicovariant if VL l H has a structure of a bicovariant bimodule and the 
map d is a bicomodule homomorphism. 

As a consequence of the construction in Section 1, we have the Woronowicz exterior 
algebra of a bicovariant differential structure Q# of a Hopf algebra H. 

Definition 2.3 The Woronowicz exterior differential algebra fl w for the bicovariant dif- 
ferential structure of a Hopf algebra H is a Woronowicz exterior algebra of VL l H , i.e. 
Q w := A^h- The left invariant subalgebra of Q w is denoted by A w . 

Let G be a finite group and H an algebra of functions on G taking values on K. Now we 
consider the differential structure on the Hopf algebra H = K(G). The set of the delta 
functions {5 g \ g G G} can be taken as a linear basis of H. 

Now we construct a canonical differential structure of the algebra H. Take a subset C 
of G which does not contain the identity element. Let D c = {(x, y) G G x G | x~ l y G C}. 
Define ^(G) as a A-linear space generated by the set {5 X <g> 5 y \(x, y) G D c }, and 

df= E (f(y)-f(x))5 x 5 y , for /e if. 

Then (d : H — > is a first order differential structure on iA All left covariant 

differential structures on H are of this form, and Q}(G) is bicovariant if and only if 
the set C is stable under the adjoint action of G. Hence, simple bicovariant differential 
structures on H are classified by nontrivial conjugacy classes of G. 

For an element a G G, let e a = H g eG$gd$ g a- Then the left invariant subalgebra A^ is 
a A-linear subspace spanned by e a , a G C. 

2.2 Differential structure on the Weyl group 

Now we assume the group W to be a Weyl group. Denote by A the set roots, and A + the 
set of positive roots. As we have seen in the previous subsection, bicovariant differential 
structures on H = K(W) are corresponding to adjoint invariant subsets of W. We take 
C = C re fi the set of reflections as the simplest adjoint invariant subset of W. 

Remark 2.1 For a simply-laced root system, the set C forms a conjugacy class. How- 
ever, for a nonsimply-laced system the set C splits into a disjoint union of two conjugacy 
classes: C = C\ U C s , where Q (resp. C s ) is the set of reflections with respect to the long 
(resp. short) roots. We can see that 

A w (S n ; C{) = A w (C n ] C s ) = A w (D n ] C), 

A w (B n ;C s ) = A w (C n -A) = A w ((A 1 ) n ;C), 

A W (G 2 ; Ci) = A W (G 2 ; C s ) = A W (A 2 ; C). 

This fact shows that the simple differential structure corresponding to C\ or C s is not 
appropriate to investigate the differential structure for nonsimply-laced root systems. 
For that reason, we consider the differential structure obtained from the set C, which is 
not simple differential structure for nonsimply-laced root system. The algebra A W (X,C) 
will be denoted simply by A W (X). 
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We define a quadratic version of the left-invariant differential algebra follwing [5]: 

Aguad :=7VA7ker(l-#). 

Conjecture 2.1 For simply-laced root systems, A = A qua d- For the root system of type 
A this conjecture was stated by S. Majid [5]. 

Remark 2.2 For nonsimply-laced root systems, A quad is not isomorphic to A w . 

Example 2.1 The algebra A quad (B n ) is generated by e^, e^-y and e (i) , where (ij), (ij) 
and (i) are reflections. The defining quadratic relations are: 

2 2 2 n 

e fe') = e M =e « = ' 

e(ii)e ( «) +e (fc i)e (ij) = e fo -)e M +e M e (ii) = e^epy+e^e^ = 0, for n {&;, Z} = 0, 

e w e (j) + e (j) e {i) = e (ij) e^ + e^e {ij) = e {ij) e {k) + e (k) e {ij) = e^e (k) + e (fc) e^-y, if k ^ i, j, 

e (ij) e (jk) + e(jfc) e (fc«) + e (fci) e fe') = 0; 
e likj e (ij) + e (ji) e Jjk) + e Jkj) e JiU) = 0? 

e(ij)e (i ) + eyje^) + e w e^y + e^yey) = 0. 
The algebra A quad (D n ) is a quotient of A quad (B n ). 

Remark 2.3 The algebra A quad (B n ) is not isomorphic to A w (B n ). For example, the 
relations 

e fe) e w e fc) e («) + e (i) e (ij) e (i) e jijj + e fe) e w e M e « + e ( i ) e (i7y e « e fe') = 0? 

e («) e W e («) e W + e (i) e fo') e W e fe') = 
hold in A w (B n ), but they do not in A quad (B n ). We denote by A quar (B n ) the quotient 
algebra of A quad (B n ) by the ideal generated by the quartic relations above. 

Example 2.2 The algebra A quad (B 2 ) is infinite dimensional. It has the Hilbert polyno- 
mial 

1 + At + 8t 2 + 12t 3 + 16t 4 + 20t 5 + 24t 6 + 28t 7 + 32t 8 + • • • = (1 + t) 2 (l - t)~ 2 . 
In the algebra A W (B 2 ), the quartic relations 

epye(i)e ( i2)e ( i) + e^e^e^epy + e {12) e {1) e^e {1) + e {1) e^e {1) e {12) = 

and 

e(i2)e(i)e ( i2)e ( i) + e(i)e ( i2)e (1) e(i2) = 

hold. The algebra A quar (B 2 ) obtained by adding the quartic relations above to A quad (B 2 ) 
is finite dimensional and has the Hilbert polynomial 

(l + t) 4 (l + t 2 ) 2 . 

In particular, A W (B 2 ) is finite dimensional. The anticommutative quotient of the algebra 
A quad (B 2 ) has the Hilbert polynomial 

1 + At + 5t 2 + 2t 3 = (1 + t) 2 (l + 2t). 

Conjecture 2.2 The relations in Example 2.1 and Remark 2.3 are the complete set of 
relations for A w (B n ), i.e. A w (B n ) = A quar (B n ). 
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3 [/(l)-gauge theory 

The algebra A w has a structure of a differential graded algebra over K. Denote by H*(W) 
the co homology group of the differential graded algebra A w . Let 9 = J2 a ec e a- If W is 
nonsimply-laced, we define 9 l = EaeC; e a and 9 2 = Eaec s e a- 

Proposition 3.1 For simply-laced root system, H l {W) = K ■ 9. For nonsimply-laced 
root system, H l {W) = K ■ X © K ■ 9 2 . 

Proof Since d5 g = J2c£c($gc — $g) e c and e c • 5 g = 5 gc ■ e c , we have 

de a = d5gd5 ga = 9e a + e a 9. 

We can show that if 77 = J2a£C Va^a is a closed 1-form, then i] a = r/b must be satisfied 
when a and b are conjugate each other. ■ 

Let tljj be a bicovariant differential structure of a Hopf algebra H. 

Definition 3.1 For a 1-form r\ e fi^, the covariant curvature is defined by 

F(rj) = di] + i] A rj. 
If F(rj) = 0, i] is called a flat U{\)- connection. 

As we have seen in Remark 2.1, the simple differential structures of nonsimply-laced 
Weyl groups are reduced to the ones of simply-laced Weyl groups. Hence, we restrict our 
considerations to the case of simply-laced root system X = (A, W). Fix the set of simple 
roots E C A. Let oo a be a fundamental dominant dominant weight corresponding to a 
simple root a G S. Denote by Schmidt's orthogonalization of (u a ) a . We define the 

1-forms 9* for a E E by 

7 eA+(a) 

where A + (a) is the set of the roots 7 satisfying the condition (^,7) > 0. 

Proposition 3.2 For the classical root systems the 1-forms 9 a = 9* satisfy the relations 
of anticommutativity 9 a 9p + 9p9 a = and flatness relations F(—9 a ) = 0. 

Proof This can be shown by direct computations. (See Section 5.) ■ 

Remark 3.1 The 1-forms 9 a can be considered as an analogue of the Dunkl elements 
introduced in [2] and [4]. 

Example 3.1 Here we give an example in the exceptional root system of type G 2 - Let 
a be the short simple root and (5 the long one. Then the set of positive roots is 

A + = {ai = a, a 2 = 3a + (3, a 3 = 3a + 2(3, a 4 = 2a + f3, a 5 = a + f3, a 6 = f3}. 

Let Si be the reflection with respect to a« and := e Si . Then the relations 

e\ = 0, eie 4 + e 4 e l = e 2 e 5 + e 5 e 2 = e 3 e 6 + e 6 e 3 = 0, 
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eie 3 + e 3 e 5 + e 5 ei = e 3 ei + e 5 e 3 + eie 5 = 0, 
e 2 e 4 + e 4 e 6 + e 6 e 2 = e 4 e 2 + e 6 e 4 + e 2 e 6 = 0, 
eie 2 + e 2 e 3 + e 3 e 4 + e 4 e 5 + e 5 e 6 + e 6 ei = 0, 
e 2 ei + e 3 e 2 + e 4 e 3 + e 5 e 4 + e 6 e 5 + eie 6 = 
hold in A W (G 2 )- The first cohomology group is 

H\W{G 2 )) = K • (ei + e 3 + e 5 ) + K ■ (e 2 + e 4 + e 6 ). 

Moreover, the 1-forms r/i = — (2ei + e 2 + e 3 + es + ee) and ?? 2 = — (e 2 + e 3 + 2e 4 + e$ + e&) 
define flat connections which satisfy the anticommutativity r\\r\i + r\iT]\ = 0. 

4 Hopf algebra structure 

We introduce a Hopf algebra structure on K(W) ®k A- qua( i(W). We consider K(W) (S>x 
h-quad(W) as a twisted group algebra defined by the commutation relations 

e s „ ( . w = (-l) l ^we Swj , 

where s 7 is a reflection with respect to a root 7 and w 6 IV. The coproduct A, the 
antipode S and the counit e are given by the formulas: 

A(e S7 ) = e Si <g> 1 + s 7 <g> e Sj , A(w)=w®w, 
S(e Sj ) = -s^ ■ e Sj , S(w) = w~\ 

e(e s ^) = 0, e(w) = 1. 

The adjoint representation of the Hopf algebra gives an action of A qua( i(W) on itself. The 
element e Si acts twisted derivation 

D 7 (x) = e Si x - (-l) dcgx s J (x)e Si , 

for a homogeneous element x G A guarf (H^). The twisted derivation L> 7 satisfies the twisted 
Leibniz rule 

D^xy) = D^(x)y + (-l) dc ^ Sj (x)D^y). 

Remark 4.1 The Hopf algebra considered above coincides with the one obtained as a 
twisted group algebra over the quadratic lift of the bracket algebra BE(W, S) defined in 
[4]. (If the root system is simply-laced, the bracket algebra itself is a quadratic algebra.) 
In particular, it coincides with the fibered Hopf algebra introduced in [3] for the root 
system of type A. 
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5 Subalgebra generated by flat connections 

In this section, we discuss on the structure of the subalgebra generated by the flat con- 
nections 9 a , which are introduced in Section 3. We will treat only classical root systems. 
Since we use only quadratic relations, we work on the quadratic algebra A qua d. For sim- 
plicity, the symbols (ij), (ij) and (i) are used instead of e^), e^y and respectively. 
The [/(l)-connections 0* , . . . , 9* G A quad (X) (X = A n _ 1: B n , D n ) are defined as follows: 

n 

of- 1 = E(v)> 

3=1 



C = E((v) + 

3=1 

n 

^ = E(fe')+W)) + 2«. 

3=1 

We can easily check that the elements — 9i define flat connections and satisfy the anti- 
commutativity 9$j + OjOi = 0. For example, 

QB n QB n _|_ gB n gB n _ 

1 3 3 % 

E E ((uT W 2 + ( ik ) qi (u) a + W° W 2 + W 1 (u) a + (uT + W 1 W 2 ) 
+2 E E (W) + + (#) ? (0 + = 

where = (ij) and (ij) - = W)- Since Ei^f" = ^ B ", the flatness -d9f n + (9f n f = 
follows from the anticommutativity. 

Lemma 5.1 (Cyclic relations in A quad (A n -i)) 
For any distinct 1 < a±, . . . , < n, 

k 

^(-l) fc ( l - 1 )( ai a i )(a 1 a i+1 ) • • • (aia fc )(aia 2 ) • • • (aiOi) = 0. 

i=2 

Proof These relations are obtained by applying the composition of twisted derivations 
D ak _ x(lk D ak _ 2ak _ x ■ ■ ■ D a2as to the relation (a^) 2 = 0. ■ 

Example 5.1 Let ai,a 2 ,a 3 ,a 4 be distinct, then 

• k — 3 (aia 2 )(aias)(aia 2 ) — (01.03) (0102X0103) — 

• fc = 4 

(0102) (aids) (0104) (0102) + (01^3) (0104) (0102) (^103) + (0104) (0102) (0103) (0,10,4) = 
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Lemma 5.2 For any distinct 1 < ai, . . . , afc + i < n, 

k k 

(jj( a i a j'))( a i a 2)( a i a fe+i) + (-l) fe+1 (aiafc+i)(n( a i a i))( a i a 2) 

3=2 j=2 
fc+1 k 

J r(j\{a l a j fj(a 2 a k+l ) + (-l) k+1 (a 2 a k+l )(a l a k+1 ) (j[ (aia 2 ) = 0. 

j=2 i=3 

Proo/ By using the equalities (aia fe+ i)(a 2 a fe+ i) + (a 2 a fc+ i)(aia 2 ) + (aia 2 )(aia fc+ i) = 0, 
(a 2 afc + i)(aiafe + i) + (aiafc + i)(aia 2 ) + (aia 2 )(a 2 afc+i) = and anticommutativity relations, 
we obtain 



(n( a i a i))(°i a 2)( a i a fc+i) + (n( a i a i))( a 2a fc +i) = -(n( a i a i))( a 2°fc+i)( a i a 2) 

J'=2 ' 3=2 ' J=2 

= -(-l) fe_2 (aia 2 )(a 2 a fc+ i)(n( a i a i))( a i a 2) 

3=3 

k k 

= (-l) fc (aia fc+ i)(n( a i a i))( a i a 2) + (-l) k (a2a k+ i)(a l a k+1 )(j[(a l a j )Yaia 2 ). 

3=2 j=3 

This completes the proof. ■ 
Corollary 5.1 For any m G Z> 1; 

(flf"- 1 ) 2 *" + • • • + (^»- 1 ) 2 ^ = 0. 

Proo/ The sum ^ # 2m is a sum of products of cycles, and the number of odd cycles is 
even. All even cycles give zero contribution, see Lemma 5.1. According to Lemma 5.2 
we can kill all even products of odd cycles. ■ 

Lemma 5.3 A , , 

01 •••An"" 1 = 0. 

Lemma 5.4 For any integer k between 1 and n 7 we /love 

n n 

n e n w),*), 

J =1 .jV fc (76Per(l,-,fc,-,7i) 3=hj¥=k 

where the sum runs over all permutations a of the set (1, • • • , k, ■ ■ ■ n) and 1(a) denotes 
the length of permutation a. 

Proof of Lemmas 5.3 and 5.4 The proof is by induction on n. We will prove the 
equations in Lemmas 5.3 and 5.4 for A n ^\ under the assumption that Lemma 5.3 holds 
for A n _ 2 - The equation 8f"~ 2 ■ ■ -Q^-i = means that we have in A quad (A n ^i) 



E (Mi) ■■■( n - Mn-l) = 0, 
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where i±, . . . ,i n -i run over the letters satisfying i\ ^ I and 1 < ii,...,i n -i < n — 
1. Let Mi be the sum of the products I\] = i : j^ k (j,ij) such that none of the letters ij 
equal k, and M 2 be the sum of the products such that at least one letter ij equals 
k. Then, U^i^Vf"' 1 = M i + M 2- Th e assumption of the induction shows M 1 = 
0. We can express YYJ =lt j^ k (cr(j),k) as a sum of terms of form ±(1, bi) • ■ • (n, b n ) by 
applying substitution (aib)(a i+ ib) — > — (a i+ ib) (aia i+ i) — (aj+iOj) (a^fe) repeatedly when a 
term • • • (aj&)(aj+i&) • • • with > aj + i appears. This procedure yields the equality 

n 

E II (°V),k) = M 2 . 

<rePer(l,-$,-,n) 3=^,3^ 

Now we have the equality in Lemma 5.4. Multiply both hand side by O^"^ 1 . Then we 
have 

(-i)*- 1 ^- 1 ...^-^ E E(-i) i(CT) (M) ft (<r(j),k). 

aePer(l,-$,-,n) l + k 3=1,3^* 

Here, we can show that the right hand side is equal to zero from the cyclic relations in 
Lemma 5.1. I 

Lemma 5.5 

m m k—1 

£ ( _ 1)( m-l)( fc -l) -Q (k,j)H{j,k)=0. 

k=l j=k+l j=l 

Proof By induction, one can show 

m— 1 m— 1 m 

^a m a m+1 (n ( a i a ™)) = (-ifMrn+llfn (%O m )) + n(°i a m+l) 

by using the identity 

m— 1 m— 1 m— 1 

II ( a i a m) = (-1)"" 2 n ( a i°m) ' ( a i a 2) - (aia 2 )(aia m ) Y[ (%a m ). 

J'=l J'=2 J=3 

Then, the desired identity is obtained by applying D am _ iam ■ • • D a30i4 to the identity 
(aia 2 )(aia 3 ) + (a 2 a 3 )(aia 2 ) + (aia 3 )(a 2 a 3 ) = 0. ■ 

Example 5.2 Let ai,a 2 ,a 3 ,a4 be distinct, then 

• m = 3 (aia 2 )(aia 3 ) + (a 2 a 3 )(aia 2 ) + (aia 3 )(a2a 3 ) = 0. 

• m — 4 

(a!a 2 )(aia 3 )(aia 4 ) — (a 2 a 3 )(a 2 a 4 )(a 1 a 2 ) + (a 3 a 4 )(aia 3 )(a 2 a 3 ) — (aia 4 )(a 2 a 4 )(a 3 a 4 ) = 0. 
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Theorem 5.1 The connections 9 1 n 1 , . . . , 6 , ^ n_1 satisfy the following relations: 

c fc ((^- 1 ) 2 ,...,(e^- 1 ) 2 ) = 0, l<k<n, 
where e k is the k-th elementary symmetric polynomial. Moreover, 

Of"' 1 ■ ■ ■ On"'' = 0, 

n 

^(-i) i+1 0f - 1 • • • of-- 1 ■ ■ ■ e^- 1 = o. 
i=i 

Proof Indeed, the first series of equalities follow from Corollary 5.1. The second equality 
has been proved in Lemma 5.3. The last relation follows from Lemmas 5.4 and 5.5. I 



n 



Let us remark that 

6 n _ 1 ((^- i f,...,(e- i ) 2 ) = ^Hrc-r'-e-'j • 

Proposition 5.1 The elements E^ := e^) + e^y G A quad (D n ) generate a subalgebra 
r phic to A qua d(A n -i) , where we have the n 

j < n. 



isomorphic to A qua d(A n -i) , where we have the natural identification 9f n 1 = Qf n , 1 < 



Proof We can check the identities 



eL, = o, 



E {ij) E {kl) + E {kl) E {ij) = 0, for {i,j} n {k, 1} = 0, 

E(ij)E(jk) + E(jk)E(ki) + E(ki)E(ij) = 0. 

Hence, we can define an algebra homomorphism i : A quad (A n _i) — > A qua( i(D n ) by mapping 
e(jj) to -E(ij). We also have an algebra homomorphism n : A quad (D n ) — > A gna(i (A n _ 1 ) 
obtained by putting e^y = 0. Since 7r o l — id, the elements i?^-) generate a subalgebra 
isomorphic to A 9 „ ad (A„_i). ■ 

Corollary 5.2 



Moreover, 



e fc ((C)V--,(Cr) = 0, l<A;<n. 

£(-l) i+1 0?"...0f"--.0£" = 0. 

i=i 
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n 



n 




i=l 



together with the anticommutativity relations Of Of + Of Of = 0, form the complete list 
of relations among Of , . . . , Of in the quadratic algebra A guarf (X). 

(2) For X = 5„, the relations 



e k ((0f) 2 ,...,(0f) 2 ) = 0, l<k<n 



and the anticommutativity relations form the complete list of relations among Of n , . . . , 0^ ri 
in the algebra A quar (B n ). 

We can check that the above relations are valid in the algebra A quar (B n ) for n < 3. 

Remark 5.1 Let us consider the flag variety Fl n of type A n _i and the tautological flag 
on it: 



where Xi = ci(Fj/Fj_i). The algebra generated by the flat connections i ™ _1 can be 
considered as a super- analogue of the cohomology ring of the flag variety, and our result 
shows that both algebras have some common relations in even degrees. 
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